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§1．Introduction
Inourpreviouspapers[3],[4],westudiedcertainconvergenceconditionsforstochastic
processesassociatedwithtime-homogeneousLevygeneratingoperators.Inthisnote,we
considersuchaconditionintime-inhomogeneouscases;besides,wemakeadetailed
explanationandaslightimprovementtotheresultsin[3],[4].
Bya"-dmensionalLevygeneratingoperator,sayshortlyL"yO"'izz加γ,wemeanthe
followingtypeintegro-differentialoperator:
"(&")=L(s)/(s")
=蕊'"(M)a,"(M)+=6,(M)MM)ノー 1
＋ﾉ腱Ⅷ伽"+y)-/(s,")-,+,,皇"(&")jlj}"(&x;")
(s≧0,"ERd),whereaj=a/aKj,"､"j"(S,x))isanonnegativedefinitesymmetric"×d-
matrix,6=(が(S,"))isad-vector,and"=I'(sj";dy)isa5-finitemeasureonR"､{O}for
eachs≧Oand%ERdsuchthat
/R'､{0}lyl2/(1+lyl2)"(&";@Zy)<OO(S≧0,難匡Ra）
ThedatadZ,6,and,'OftheoperatorLarecalledthediffusionmatrix,thedriftvector,and
theLevymeasureofL,respectively.ThenLissaidtobetheLevyoperatormadeofdata
[zZ,b,"].Inparticular,theLevyoperatormadeofconstantdatadefinestheinfinitesimal
generatorofa"-dimensionalLevyprocess.
TheconvergenceconditionsaredescribedintermsofthedataofLevyoperators,and
theyensuretheweakconvergenceofcorrespondingprocessesunderacertainuniqueness
conditiononthelimitoperator・Wewilltreattheweakconvergenceofstochastic
processesassociatedwithLevyoperatorsintheschemeofthemartingaleformulation
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introducedbyStroockandVara曲an(i.e.thew@〃""gzzJ@pγり眺加).
SuchconvergencecOnditionsforL6vyoperatorswerefirststudiedbySkorokhod[7],
andrecentlybyJacod-Shiryaev[2],Chap.IX,54aandbytheauthors.Theirconditions
somewhatdifferfromeachother.Ourconditionisgivenintheformofanaturalexten-
sionoftheConvergenceconditionforinfinitelydivisibledistributions・Thoseconvergence
conditionsareexpectedtohaveseveralapplications.Forexample,in[5],weuseditto
showtheuniquenessofsolutionstothemartingaleproblemforcertainL6Woperators.
There,wehavetoshowtheconvergenceofthesemigroupsassociatedwithapproximate
Levyoperatorsoftheoriginalone.Thisisdonebycombiningananalyticalmethodwith
aconvergencepropertyOfstochasticprocessesassociatedwiththeapproximateoperators.
§2．Notationsandpreliminaries
Firstweintroducesomenotations・Forthe"-d加ensionalEuclideanspaceRd,weset
Q=[O,")×R"andfurther,forT,R>0,QT;R=[O,T]×{|xl≦R},where{|xl≦R}=
{"ERd:|xl≦R}.ThenwedenotethesupremumnormsoffunctionsdefinedonRdand
QT;Rbyll･llandll･IIT;R,respectively.WhenGisanysubspaceofaEuclideanspace,we
denotebyCb(G)thespaceofboundedcontinuousfunctionsonG.For"=1,2,…,ml
C:(Rd)standsforthesubspaceofCb(Rd)consistingofthosefunctionswhichhaveboUnded
continuousderivativesuptoorder";Cf(Rd)standsforthesubspaceofC:(Rci)consisting
ofthosefunctionswhosederivativesuptoorder"vanishatinfinity;C2(Rd)standsforthe
subspaceofCf(Rd)consistingofthosefUnctionswhichhavecompactsupport.C:2(Q)
denotesthesUbspaceofCb(Q)consistingofthosefunctionswhichhaveboundedcontinuous
t伽ederivativesofthefirstorderandboundedcontinuousspatialderivativesuptoorder
2．
Next,followingStroock[8],westatethemartingaleproblemforL6vyoperators.
LetQbetheSkorokhodspace(withtheSkorokhodtopOlogy)ofRCz-valuedcadlagfunc-
tionson[0,oo).GivenG)EQ,wedenotebyx(‘の)thepositionofQ)attimetbLet":
and"sbetheo-algebrasofsubsetsofQgeneratedby{"("):s≦〃≦＃}and{"("):s≦〃},
respectively.AprobabilitymeasurePon(Q,'s)iscalledaso伽加〃加娩g”α畑mgzz"
pl'0肋"cforaL6vyoperatorLstartingat(s,x)EQifP["(")=",0≦〃≦s]=1andfor
every/EC:2(Q)
"")三f(""(t))-/($"(s))一ﾉ:{a/a"+L(")}/(z4,"("))"
isaP-martingalewithrespecttothefiltration{":}.Itisknownthataprobability
measurePisasolutionofthemartingaleproblemforLifandonlyifM(t)isaP-
martingalewithrespecttothefiltration{":}forevery/ECr(Rd)(see[8],Theorem(1.
1)).For/EC:(Rd),"")isgivenintheform:
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"")=/("(t))-/(x(s))-Lf(/),
L,(r)=/:L("("("))".
Wedenoteby<">thepredictablequadraticvariationprocessforthemartingaleMf.
LFortheLevymeasure"ofZ,,weset
万(“;伽=丁鴎青,(“;伽
3
and7(S,JV;{0})=0.Then'ycanberegardedasafunctionfromQtoCb(Rd)',thedual
space(withtheweak"-topology)oftheBanachspaceCb(Rd)(withthenornll･ll).Hencewe
definecontinuityandboundednessofrrbythecorrespondingpropertiesofthefunction:
(sx)EQ－→万(S,";･)ECb(Rd)'.Forexample,thecontinuityofymeansthat"(y)y(S,
〃;zZy)iscontinuousforevery/ECb(Rd).
Inthefollowing,forsimplicity,weassumethatthestartingtimesisequaltoO.
PRoPosITIoN2.1.(cf.[3],Prop.2.1)Ass"加gj加ｵZ,αα”万Q〃,α花60""叱仏剛肌
/bγα"ySO伽吻〃P加娩g〃，αγ""gzz"pγひ肋"MﾌγL”g加"g
(i)んγ"c"/EC:(Rd)
<M>(#)=L/2(t)-2"("("))CL(")(P-"s.),
(ii)P["(/)≠"(#-)]=0 んγ"c"t≧0.
PRooF.(i)Bythedefinitionof"")and"/2(t),
{Mf(#)}2=Lf,(#)-{以ｵ)}2－〃("(O))Z"(j)-2"")以ｵ)+"/2(t)一〃("(O))"(r).
From[1],p.343,Theoreml8,itfollowsthat
jf,(#)Lf(t)､;M(")UL(")+/;以"-)cMf("),
where允以"－)dM(")=/;LP(")6班,(")isastochasticintegralwithrespecttothemartin-
gale"").Usingtheaboveequalityandtheequality2/;以")"《,(")={L,(t)}2,wehave
{"")}2=L/2(t)-2/6/("("))dzLr(")+"/,(#)－〃("(O))皿,(ｵ)－2/6Lf(")α脇(").
Thisimpliestheconclusion,becauseL図(ｵ)－2〃(難("))zL(")isacontinuousprOcesswith
pathsoffinitevariationand"/2(t)－〃("(0))"")-2/;L,(")["f(")isaP-martingale.
(ii)SinceEP[{皿,(＃)-"f(s)}2]=EP[<Mf>(t)-<M>(s)](t>s),P["")≠Mr(ｵｰ)]=0.
Hence,usingthefactthatC:(Rd)separatespointsofRd,wehavetheconclusion.
REMARK.ByProposition2.1(ii);weseethatifR,-→Pweaklyas〃→"andPisa
／
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solutiontothemartingaleproblemforZ,,thenanyfinitedimensionaldistributionofR,
●
convergestothatofR
§3.ThecOnvergencecondition
Inthissection,Z,andZ,"("=1,2,…)denotetheL6vyoperatorsmadeofdata[(Z,ム
"]and[α",6,z,''iz]("=1,2,…),respectively.DenotebyO=0(S,";8)thesymbolofZ,(as
apseudo-differentialoperator):
o(s,";8)=9-な･8L(s)giw･'
一坐呈α擁(“)帆十,量6j(s")&
－2減=， ノー 1
+/R"､{0}{g".jL-1-I睾箭r}y(s";"),
wherei=､/二丁,8=(&,&,…,"),andthesymbol･meanstheinnerproductinRd.For
each(s,")ERd,O(S,";8)definesthelogarithmiccharacteristicfunctionoftheinfinitely
divisibledistributionhaving"(S,"),6(S,"),andy(S,";dy)asitsdiffUsionmatrix,drift
vector,andLevymeasure,respectively.ThereforethedataofLareuniquelydetermined.
Furthelmore,ifL"/(S,")一→〃(S,")as〃→mforevery(S,")EQand/EC:(Rcz),thenit
holdsthatforeach(S,")EQ
(i)limlimsup{jy,<.〃億恥(&";dy)+α芽(s,x)}
E↓0邦→“
=limliminf{jyl<g州陶""(sx;")+α芽(sx)}
6↓0”→。。
?，????????????? ↓????＝αj"($%)
(1)liml"(sx)－が(&")|=0
邦→、
(iii)lim/R.g(y)">,(S";@Zy)=/R.g6ﾉ)"(sx;")
邦→。◎
foreveryboundedcontinuousfunctiongvanishinginsomeneighborhoodofO(cf
［6])．
Notethat(i)and(ii)areequivalenttothefollowing(i')and(iii'),respectively:
(i')limlimsuplly,<｡〃胞玲(&";")+α芽(s%)－αj"(sx)|=0
6↓0〃→－
α々 ＝1,2,…,α)；
(iii')thereexistsasequence{EA}suchthate々↓0and,foreverygEQ(尺α),
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l伽ん'≧罎胸g(y)Ij>Z(&";")=jy,≧動g(y)"(&";6Zy),
認→。。
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becausetheequivalenceof(i)and(i')followsfromageneralpropertyofsequencesand
thatof(iii)and(iii')isaknown,resultontheweakconvergence(cf.[6]).
Motivatedbytheabovefact,weintroducethefollowingconvergencecondition:
(c)(1){[α力,島,莎迩]}:M=,isuniformlyboundedand[6Z,6,"arebounded
(2)ForeveryZR>0,
(i)limlimsupllﾊyl<g兆兆恥(･,．;伽十α芽一αj"llr;R=0E↓0宛→、
“ん=1,2,…,d);
(i)1加||6%-6'IIT;R=0 （/＝1,2,…,α)；宛→。◎
(iii)thereexistsasequence{e"}suchthate蝿↓0and,foreverygECb(Rd),
limllル,≧.Ag(y){Ih(．,.;刎一"(･,･;(Zy)}||T;R=0.
宛→Co
REMARK・Inthegbovecondition,ifwereplacell･llr;RbythesupremumnorinoverQ,
thentheuniformboundednessof{[['",4,,""]}WL｣followsfromtheboundednessof[UZ,b,
万]．
Inthecasewherethedata[@Z,ム河ofLareboundedcontinuous,Stroock[8]proved
theexistenceofsolutionstothemartingaleproblemforL,andmoreoverweseethatif/
EC:(Rd)(resp./EC8(Rd)),then"ECb(R9(resp."ECb(Rd)).
THEoREM3.1.Ass""@e"ｵ的e“な［α力,6",7"]QFZ,"("=1,2,…)α形加""庇‘α”
＃加オ肋g血彪[0z,6,7]QfLa"伽""伽"co""""o"s.T"",〃"庇γ肋gCO""e噌膠"“
”"〃"ひ〃(C),〃〃o肱伽*･/b"/EC:(Ral
Lzf(s")－→〃(s")zzs〃→o◎
ん“〃〃"肋""〃α"α加""庇吻加(s")EQ.
Toprovethetheorem,weneedthefollowinglemma.
LEMMA3.2.U"〃γ肋9sα"gass"wzp伽〃as伽"207'E"z3.1,〃加姑〃"z/がE6elb"gs
わ"se9"g"ce{e"}加伽CO"倣わ〃2(iii)Qf(C),伽〃
limllﾊj'|≧e/(．+y){"(･,･;刎一"(9,．;[Zy)}||r;R=0
〃→。◎
、
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んγg"g〃/eQ(Rd).
PRooF.Let
のj(y)={i'-
(|jﾉ|≦／
(ﾉ≦lyl≦/+1)
(lyl≧ﾉ+1).
Since/軌(y)y(S,x;Liy)isboundedcontinuousand/のZ(y)y($";伽↓Oas/→",using
Dini'stheorem,weseethat
limll/のl(y)r(･,．;(jy)||r;R=0
ﾉ‘→。｡
Thisfactimpliesthat
limllハル!"(･,･;'iy)IIT;R=0;
j一・．◎
hence,byusing2(iii)of(C),weseethatforany">0thereexistsapositivenumber$such
that'
and
lljj,,>&"(･,･;cjy)llr;R<"
limsupllﾊyl>も"凧(･,･;dy)IIT;R<2"
〃→“
Nextwedividetheintegralintotwoparts:
ん,≧e/("+"){'ba(s";伽一"(&";6Zy)}
＝ん,≧｡/("+γ){1－の‘(γ)}{""(晶茄;刎一"(&";dy)}
＋ん,≧s/("+y)の$(y){zjiz(s";")－似(&";dy)}.
Thefunction/("+y)on{|"|≦R}×{e≦|jﾉ|≦ん+1}canbeuniformlyapproximatedby
"
functionsoftheform三段(")hj(y),wheregi(%)andhj(y)(j=1,2,---,")areconfinuouson
ノー 1
{|苑|≦R}and{E≦lyl≦も+1},respectively.Therefore
llん,薑g/(･+y){"(･,･;刎一"(･,･;0Zy)}llr;R
≦三||段|||'ん,≧‘ん(y){1－の$(y)}{z'>m(･,･;zZy)-"(･,･;uiy)}||r;R
ノ
＋・叩’{/(鰯十,)一三仙側ﾕ諜上’｜難|≦兄g≦lyl≦も＋1ノー1
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x{supll了認(･,･;R")||T;R+||r(．,･;Rd)||T;R}
認
71
＋||／||{||ソ"(･j･;{lyl>})||r;R+||"(．,･;{lyl>*})||T;R}
Consequently,theaboveestimatesyieldtheconclusion.
PRooFoFTHEoREM3.1.Itisenoughtoshowthelocallyunifo
simplicity,wewriteaif(")andajaAr(")as/,j(x)and/,jA("),respec
(Z,"-L)f(sx)
Itisenoughtoshowthelocalyuniformconvergence.For
k/ x)and/,j"("),respectively・Then
=篭{んド州猟※;dy)+"(3x)-"(s")汀,灘(鮒）
＋z｛6%(＆妬)－が(＆妬)}ん(%）
』
+三ん,<‘[/;(1－6){ん(苑十伽－ん(")}"]"ﾉ惚吻(&";")
ﾙル．
+三ん(")ん,<麿必万"(s";")
ノ
－ん|<.{/(x+y)-/(")-
+ん,≧｡{/("+y)-/(x)-
mF=M"*";!iy)
gyF="";IM;Iiy))
=I+II+HI+IV+V+VI.
〃
Then
|I'IT;硬≦差'恥肌聡I､;伽十α芽-@'"|T;RIZj"|,
||IIIIT;R≦zll6%-"IIT;RIIZjll
ノ
DenotethemodUlUsofcontinuityofafunctiongon{|"|≦R}by"R(g;d､)
Then
GDR(g;6)=suplg("+jﾉ)-9(")I(6>0)
｜難|≦Rlyl≦6
||mllr;R≦夏のR(Xj";e)supll莎施(･,･;R"||r;R
減〃
Moreover
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|IWIIT;R≦eZ||/,jllsupll万"(.,．;Rd)IIT;R
j宛
||vIIT;R≦{Z||"||+Zllfjll}||"(･,･;{lyl<e})||r;R.
減ノ
Finallyweget
」|vlIIT;R≦||ん,≧g/(･+y){IJi,(．,･;刎一"(･,．;ciy)}||T;R
＋||/|||'ん,≧｡{"M(･,･;6Zy)一"(･,･;@iy)}IIT;R
+~'lz'IIM'z｡'#'{"k(･'十亭ん'ん薑+,'，{端．，･;伽-"(･,･;dy)}|r;R.
Hence,forebelongingtothesequence{e"}of2(iii)in(C),usingLemma3.2,wehave
limllVIIIT;R=0
〃→CO
Therefore,usingtheaboveestimate9andtheconvergencecondition(C),wehavethe
conclusion.
THEoREM3.3.Ass"加g肋at肋e血如[zz>m,6",r"]QfZ,"("=1,2,…)α形加""庇〃α"‘
j加t肋g血ね[zz,6,']Q/Z,α形60""此acO"伽"0"s.Fbγ〃=1,2,…,"R@6easoﾉ"伽〃
勿娩g籾α噸"gnたか'ひ肱wM"'Z,"s"γｵ"gαｵ(s,x(s))s"c〃伽zオ
limsupB@[|"(s)|>/]=0
J→CO認
〃
LK/(",x)－→〃(",〃）αS〃→00
ん“/な〃"肋γ"z"α"α60""叱吻j〃(",x)EQんγ92ﾉgry/ECF(Rd),"e"{Ra}采】た姥〃
α"αα"yj加党加伽ｵE｡of{Rz}%]iS"so伽加〃加娩g〃､αγ"'Zgnん，γひ肋"噸ﾌγL.
ThetheoremisprovedinexactlythesamewayasinAppendixII(1｡)(ii)of[5];
hencetheproofisomitted.
SupposethattheuniquenesstothemartingaleproblemholdsforZ,"("=1,2,･･･)and
Z,,respectively.ThendenotebyP"and&xthesolutionstothemartingaleproblemsfor
Z,認andZ,startingat(sjx)EQ,reSpectively.Let{ZW}and{Zkt}bethetime-inhomogeneous
semigroupsonCb(Rd)associatedwithL"andL,respectively,thatis,
TW(x)=E'製[f(x(t)],
TM(")=Eft'z[/(%(t)],
???
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where/EQ(Rd),0≦s≦＃,andxERd.Then,notingRemarktoProposition2.1,wehave
CoRoLLARY3､4.U"〃γ肋g〃"z〃g"gssass""ゆ伽〃勿勉g"α戒"gnルヵ”肋"@s/i)7'Z,"α"‘
Lα〃〃"庇γ肋gassz""'肋〃QfT"eo"w@3.3,〃幼肋加zt
limTW(")=nJ(")
認→。。
允γO≦s≦A/EQ(Rd),α"α"ERd.
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